
Finite-Element 
Two-Dimensional 

Simulation of Mixing: 1 
Flow in Periodic Geometry 

Th. Avalosse 
POLYFLOW s.a., 16 Place de l’Universit6, B-1348 Louvain-la-Neuve, Belgium 

M. J. Crochet 
CESAME, UniversitC Catholique de Louvain, 4 avenue G. Lemaitre, B-1348 Louvain-la-Neuve, Belgium 

Complex mixing flows and mixing parameters are calculated to evaluate mixing qual- 
ity on the basis of kinematic parameters together with a statistical analysis. The results 
allow for a comparative evaluation in terms of geometry and flow parameters. The 
evaluation is limited to two-dimensional flows with moving boundaries in periodic mo- 
tion such as the flow in the cross section of a twin-cam mixer. The finite-element calcu- 
lation requires a remeshing procedure for every time step with special techniques to 
upgrade mixing variables from one time step to the next. The relative mixing quality of 
single cam and co- or counterrotating cam devices are compared by evaluating segrega- 
tion scale, length stretch, and eficiency. The numerical results exhibit a good corre- 
spondence with their experimental counteelpart. 

Introduction 
Present analysis of mixing devices is essentially limited to 

two-dimensional flows, with the possible addition of an axial 
flow, because of the computational cost. Simplifications are 
introduced to reduce actual three-dimensional flows to their 
2-D counterparts. Typically, Wang and White (1989) and Kim 
and White (1990) use averages across the thickness of the 
channel to calculate the flow in a twin-screw extruder. For a 
Banbury mixer, Cheng and Manas-Zloczower (1989, 1990) 
neglect transverse material flow to reduce the analysis to two 
dimensions. Progress in 3-D flow analysis now leads to the 
analysis of more realistic configurations. Yang and Manas- 
Zloczower (1992) studied the flow in a Banbury mixer for a 
set of cam configurations, while Tanguy et al. (1992) calculate 
the flow in a helical mixer. 

Early evaluation of the quality of a mixing device or proto- 
col was based on the homogenization of the fluid (see, e.g., 
Tadmor and Gogos, 1979). Statistical measurements were 
based on the evolution of the concentration of a minor com- 
ponent in the mixture with respect to its major counterpart 
(Schofield, 1976; Fan et al., 1970). The segregation scale, typ- 
ical of these calculations (Dankwertz, 1951) is representative 
of the average size of the zones occupied by the minor com- 
ponent and thus of the texture of the mixture. It should be 
pointed out that the segregation scale is relative in the sense 
that it depends upon the initial configuration of the mixture; 

as such, it is less helpful in comparing two different proc- 
esses. 

It is now recognized that, in laminar flow, the amount of 
deformation is the major indicator of the quality of the mix- 
ing process. A general theory developed by Ottino (Ottino et 
al., 1981; Ottino, 1989) is based on the calculation of several 
kinematic variables, representative of the generation of inter- 
face, along pathlines of material particles in the flow. An- 
other important parameter associated with the calculation of 
pathlines in open domains is the distribution of residence 
times (Danckwerts, 1953). The quantification of mixing with 
the help of kinematic parameters has been developed by Ot- 
tino, initially on the basis of analytical flow solutions (see, 
e.g., Khakhar et a]., 1987), while more recent articles (e.g., 
Jana et al., 1994) rely entirely on computational techniques. 
In addition to the study of transported quantities, additional 
tools such as manifold structure and Melnikov technique are 
now used for the analysis (Jana and Ottino, 1992). In a recent 
article, Souvaliotis et al. (1995) point out the increasing im- 
portance of numerical simulation in the analysis of mixing. 
While recognizing the interest of computational techniques, 
they observe that numerical errors may jeopardize the accu- 
racy of the results. 

In this article, we limit ourselves to 2-D flows with bound- 
aries in periodic motion. A typical application is the flow in 
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the cross section of a twin-cam mixer where cams are either 
co- or counterrotating. The simulation is difficult from a nu- 
merical viewpoint because the calculation is performed on a 
complex domain of constantly varying shape; the finite-ele- 
ment calculation requires a remeshing procedure for every 
time step. Moreover, special techniques are needed to up- 
grade the mixing variables from one time step to the next. 
The procedure allows us to quantify the relative mixing qual- 
ity of single-cam and co- or counterrotating-cam devices. In a 
second article, we analyze 3-D flows in open domains. Our 
purpose is to develop numerical methods for evaluating mix- 
ing quality on the basis of kinematic parameters together with 
a statistical analysis. 

In the following section, we recall the basic equations and 
define the kinematic and mixing variables that we want to 
measure. Special attention is given in the third section to the 
calculation of mixing variables on the basis of finite-element 
results. The fourth and fifth sections are devoted to the anal- 
ysis of single and twin triangular cams. In the fourth section, 
we compare the finite-element results with experimental data 
on the flow of glucose in a twin-cam device. In the fifth sec- 
tion, we use the mixing variables to evaluate the relative mer- 
its of single- and twin-cam systems. 

Basic Equations and Mixing Variables 
We analyze plane mixing flows in domains with time-peri- 

odic boundary conditions. The flow is confined between a 
fixed external boundary and two rotating cams which can be 
co- or counterrotating. At time t = 0, a curve Co separates 
fluid A from fluid B; we wish to predict the motion of inter- 
face C(t )  and to quantify the mixing of A and B. 

The flow calculation rests on strong hypotheses: 

i. Fluids A and B have the same rheological behavior; the 
flow calculation is identical to that of a single homogeneous 
fluid; 
ii. Chemical reactions and diffusion do not occur between 
fluids A and B; interfacial tension vanishes; 
iii. Inertia and body forces are not taken into account; 
iv. There is no void formation in the flow; 
v. The fluids do not slip along fixed or moving walls. 

Let 52' and 52 denote the domains occupied by the fluid at 
times 0 and t ,  respectively. Let X denote the position of a 
material point P in 52' and x the position in 52; F the de- 
formation gradient; and C = FTF, the right Cauchy-Green 
strain tensor. The velocity gradient and the rate of deforma- 
tion tensor at time t are denoted by L and D, respectively. 

Consider in 52' a material fiber dX with a unit orientation 
M that deforms into a material fiber dr with a unit orienta- 
tion m at time t. Ottino (1989) shows that the length stretch 
A is given by 

where a dot denotes the scalar product, while the new orien- 
tation m is given by 

FM 
A 

m=-. ( 2 )  

A good mixing quality is usually associated with high values 
of A throughout time and space. A local evaluation of the 
efficiency of mixing (Ottino et al., 1981) is given by the ratio 

( 3 )  

where D = (trD2)'/2. We note that e, is a local measurement 
along the path of a material point; and <e,> denotes the 
time-averaged efficiency for the same material point between 
times 0 and t .  

Let c ( X ,  t )  denote the concentration of fluid A through- 
out the mixing process. Since no diffusion occurs between 
fluids A and B ,  c equals either 0 or 1 and remains constant 
along the trajectory of a material point. The concept of con- 
centration allows us to introduce the notion of segregation 
scale (Dankwertz, 1951; Tadmor and Gogos, 1979). At time t ,  
consider a set of J pairs of material points separated by a 
distance r:  for the jth pair, let c; and cy denote the concen- 
trations at both points of the pair; moreover, let C denote the 
average concentration of all points and a, the standard devi- 
ation. At time t ,  the correlation coefficient R ( r , t )  for the 
concentration is defined as follows: 

The correlation coefficient is positive for low values of r and 
changes sign at r = 6. The segregation scale S( t )  is defined 
as 

it measures the size of the regions of homogeneous concen- 
tration. 

While quantities such as A, e,, and (e,) are proper to the 
flow, irrespective of the initial concentration, the segregation 
scale S ( t )  is affected by the flow but depends strongly on the 
initial distribution of concentration. 

Evaluation of Mixing Variables 
We use the finite-element method although, for the pre- 

sent class of problems, it might be more appropriate to use 
boundary elements. The reason is that our essential objective 
is to solve 3-D problems where the use of boundary elements 
may not be optimal. 

A finite-element mesh is generated for every discrete time 
t , ;  let us examine in Figure 1 a typical mesh generation at 
time ti. The angular position of the triangular cams is speci- 
fied at the outset. The domain surrounded by the outer 
boundary of the flow is covered with a finite-element mesh. 
The location of the cams allows us to draw a line that crosses 
the elements of the preassigned mesh. It is then found that 
some elements are crossed by the inner boundary, while most 
of them may be used as such for calculating the flow. The 
line of segments separating such elements from those crossed 
by the inner boundary is called the generating line. The gen- 
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Figure 1. Original mesh, generating line, and generat- 
ing zone for automatic mesh generation dur- 
ing the rotation of the cams. 

erating zone is located between the generating line and the 
inner boundary. An automatic mesh generator based on the 
Delaunay triangulation (Watson, 1981) is then used to define 
an appropriate finite-element mesh in the generating zone 
that is compatible with the filled elements of the preassigned 
mesh. An advantage of the present procedure is that, from 
one discrete time to the next, most elements remain un- 
changed and only a moderate amount of elements are af- 
fected by the cam's rotation. The procedure was developed 
by Couniot (1991) and used for the numerical simulation of 
injection molding (see, e.g., Crochet et al., 1994). 

Since inertia terms are not taken into account in our analy- 
sis, the calculation reduces to a series of Stokes flows at every 
discrete time. We use the classic velocity-pressure formula- 
tion with P 2  - C o  elements for the velocity field and P' - Co 
elements for the pressure. Thus, at every discrete time t i ,  we 
dispose of a finite-element mesh compatible with the location 
of the cams and a set of nodal values for the velocity vector. 

Kinematic variables 
Let us assume that the location x ( t )  of a material point is 

known at time t together with its velocity field v(t). We wish 
to calculate the location x( t  + At) by solving the equation 

When 6 = 0, 0.5, or 1, Eq. 6 corresponds, respectively, to 
Euler explicit, Crank-Nicolson, or Euler implicit method; it 
is solved by means of Newton's method with a predictor-cor- 
rector algorithm (Avalosse, 1994). 

We also evaluate the deformation gradient F(t  + At) with 
respect to the configuration at time t = 0, that is, we solve 
the equation, 

which constitutes a linear system of equations in F(t  + At). 
Once F( t  + A t )  and L(t + At) are known at the new location 

of the material point, we calculate the remaining kinematic 
variables such as C,  A, m, and e,. 

Let us assign to N material points an initial orientation M 
that does not need to be identical for all points. While track- 
ing the material points as a function of time, we calculate 
successive values of F,  C, m, and thus A, e,, and ( e , ) .  A 
finite-element representation of A, e,, and ( e , )  considered 
as fields over the flow domain is unfeasible. Such a represen- 
tation would imply an interpolation between points located 
at a distance of the order of the element size h, which is 
generally large with respect to the striation thickness in a 
mixing process. A global representation of A, e,, and ( e , )  is 
better obtained by associating a material point with a small 
square of side dl; the color of the square is itself associated 
with the value of the field to be represented. The quality of 
the representation increases with the number of points N .  

When the number of material points is sufficiently large, 
we may proceed with a statistical treatment of the calculated 
quantities. In particular, let us consider the distribution func- 
tion Fa associated with the field a. The quantity Fa( P , t )  is 
defined as follows: 

(8) 

where the right-hand side is the probability that the variable 
a will be smaller than P at time t .  

A new graph of the distribution function is calculated at 
every time t. An easier representation of the mixing process 
is based on the time dependence of percentiles. For the field 
a ,  let us define aJt)  such that 

(9) 

where aJ t )  indicates that, at time t ,  p % of the material 
points have a value of a lower than aJt). Several examples 
are shown in the fifth section. We note in particular that, for 
the length stretch A, it is recommended that log,,, A be used 
instead of A in view of the fairly large values attained by the 
stretch in the mixing process. 

Concentration 
Our next concern is to calculate the time-dependent con- 

centration throughout the flow domain. A first straightfor- 
ward approach is to assume a finite-element representation 
for the concentration c and to integrate the transport equa- 
tion i. = 0. It is soon discovered, however, that the pattern of 
the concentration field in the mixing process has a character- 
istic length that is much smaller than the element size h.  As a 
consequence, the finite-element representation of the con- 
centration is fraught with spatial oscillations and with dis- 
cretization errors (see also Lohner et al., 1984). 

A second approach is to calculate the motion of the mate- 
rial line C ( t )  separating fluids A and B. One considers a set 
of material points C ( t )  that are connected by straight seg- 
ments. Whenever the distance between two points exceeds 
some critical length, new material points are added. Such a 
technique has its limitations, such as the loss of geometrical 
details through the straight-line interpolation between mate- 
rial points. Above all, the necessary number of material points 
on C ( t )  increases so fast that the calculation becomes quickly 
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prohibitive (Franjione and Ottino, 1987). The calculation of 
the material line C ( t )  is used in the fourth section. 

A third method consists of subdividing the flow domain at 
time t = 0 into a set of small square cells of size dl: a uniform 
grid of N, X N,, cells is overlaid on the flow domain. Each 
square is associated with a specific color or concentration. 
When time progresses, we calculate the new location of the 
center of each cell, which is again surrounded by a small 
square with the initial color of the cell. Quite clearly, for a 
given number of cells, the computation time remains the same 
at every time step; moreover, once the successive coordinates 
of material points are stored, a minor effort is needed to cal- 
culate at time t the concentration corresponding to another 
set of initial conditions. The limitation of the method lies in 
the size of the material point identified by the cell, but the 
number of points can be increased at will. 

Segregation scale 
Let us now assume that we have tracked N material points 

and that, among these points, we select at random P pairs of 
material points. Let d,, be the maximum distance between 
two material points in the flow domain, and let us consider K 
intervals of equal length between 0 and dmm. Let us examine 
J pairs of points such that their relative distance lies between 
( k  - l)d,,/K and kd,,/K, where 1 I k I K .  For each pair 
j ,  1 I j I J ,  we calculate the relative distance d j  between the 
points and the correlation 

(10) 

where T is the average concentration, uc the standard devia- 
tion, and c;, cy are the concentrations of the material points 
constituting the pair. At time t ,  we obtain the value R, of the 
correlation coefficient corresponding to the distance r, with 
the definition 

Figure 2. Three meshes used for testing convergence 
in Couette flow. 

trajectory of a material particle initially at mid-distance be- 
tween both circles. One reason for our choice is that such a 
particle is located at the interface between finite elements 
and would be adversely affected by discretization errors. 

First we verified that the Crank-Nicolson scheme is supe- 
rior to the Euler implicit and explicit methods for our prob- 
lem. In particular, it can be shown that phase errors are much 
larger with Euler's methods. 

For a fixed value of the time step (257/100 s), we then tested 
the distance between the analytical coordinates of the mate- 
rial point and their calculated counterpart as a function of 
the angle of rotation. After 2057 s (ten rotations), such an 
error reached the value of 0.003 times the outer radius for 
the three meshes. We have performed the same analysis on 
the intermediate mesh, for three different time steps: 
257/10 s, 2 ~ / 1 0 0  s, and 257/1,000 s. The maximum error, af- 
ter 2057 s, due to the angular locations of the particle (and 
not its radius) is, respectively, 0.3, 0.003 and 0.00003, depend- 
ing upon the time step. The error on the deformation gradi- 
ent follows the same trend. After 2057 s, the relative error on 
the deformation gradient reaches, respectively, 25%, 0.25%, 
and 0.075% for the three time steps. The relative error is 
defined as follows: 

(12) 

1 '  
rk = - d,, ( l l a )  

J j - 1  

1 J  
R,=- C Ri. 

J j - 1  
( l lb )  

The correlation coefficient R(r, t )  is completed by a linear 
interpolation through the discrete values defined by Eq. 11. 
The segregation scale S( t )  may then be easily calculated by 
numerical integration on the basis of Eq. 5. 

Accuracy 
The accuracy of the numerical method has been investi- 

gated in detail by Avalosse (1994). 
First, we have verified convergence of the algorithm on the 

basis of the Couette flow, for which an analytical solution is 
available. Three meshes used for the convergence study are 
shown in Figure 2. The meshes contain 96, 384 and 1,536 
elements, respectively. The inner radius is 0.5, the outer ra- 
dius 1. The angular velocity vanishes on the inner circle and 
is equal to 1 rad/s on the outer circle. We have selected the 
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where FnU, and Fan correspond to the components of the 
deformation gradient tensors at time t .  With the intermedi- 
ate time step, we obtain an acceptable level of accuracy. This 
time step corresponds to an angular rotation of 3.6" of the 
outer circle. 

As a further test, before dealing with the triangular cams, 
we considered a problem that does not require remeshing in 
order to evaluate the phase error. The device and the finite- 
element mesh are shown in Figure 3. The circular cams are 
corotating counterclockwise with an angular velocity of 0.5 
rpm. By means of an experimental device to be explained in 
the fourth section, we observe and calculate the time defor- 
mations of a spot of colored fluid; the results are shown in 
Figure 4 up to a rotation of the cams equal to 857. The time 
step is chosen such that the angular rotation between two 
successive steps is 4". There is a good correspondence be- 
tween experimental and numerical results, although we ob- 
serve an increasing phase error as a function of time. 

Finally, we studied the convergence of our statistical re- 
sults as a function of the number of material points. This 
analysis was done on the corotating twin-cam system (studied 
in detail in the following section). The triangular cams are 
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Figure 3. Finite-element mesh for a corotating cam sys- 
tem (1,728 elements). 

rotating counterclockwise with an angular velocity of 1 rpm. 
A new mesh is generated for every 4" of rotation of the cams. 
We selected grids with 65 X 40, 150 x 85, and 335 x 190 cells, 
leading to 1,560, 7,724 and 38,170 points inside the computa- 
tional domain, respectively. The statistical results are essen- 
tially the same for all three grids. In our examples below, we 
select the intermediate grid with 150x85 cells for the twin- 
cam systems (and 85x85 cells for the single-cam system), 

which keeps the computational time within acceptable 
bounds. 

The initial orientation field M has little impact on the re- 
sults; uniformly oriented and random fields produce essen- 
tially the same results. To calculate the correlation coeffi- 
cient R(r , t )  and the segregation scale S(t)  in the examples 
below, we chose a value of K (Eqs. 10 and 11) such that the 
width of one interval corresponds to the cell side dl. Our 
numerical experiments showed that our results do not de- 
pend upon J in Eq. 10 provided J 2 200. 

Experimental Validation 
In order to test the capabilities of the numerical method, 

we have mounted an experimental device shown in Figure 5. 
It has the shape of a kneading-through device with two trian- 
gular cams that can either be co- or counterrotating; the rota- 
tion of the cams is activated through the motion of a notched 
belt. The horizontal cavity is filled with an aqueous solution 
of glucose; its depth is 25 mm. The viscosity of the solution 
should be low enough to avoid 3-D effects due to the com- 
bined action of gravity and free surface and high enough to 
avoid color dispersion when a spot of colored glucose (of the 
same viscosity) is spread on top of the transparent one. A 
viscosity of 50 Pas was adopted in the experiment. The rate 

Figure 4. Dispersion of a spot in a corotating cam system: comparison between experimental and numerical results; 
each successive section corresponds to an additional rotation of n. 

AIChE Journal March 1997 Vol. 43, No. 3 581 



Figure 5. Dimensions (in mm) of the kneading-through 
device for experimental validation. 

of rotation of the cams was 0.5 rpm. The Reynolds number is 
of the order of A photograph of the surface is taken 
after every rotation of ?r/3 of the cams. 

The reference finite-element mesh is shown in Figure 6a. 
It is based on several convergence trials dealing with Couette 
flow. The central (black) spots are covered by the rotating 
cams. For every 4 degrees of rotation of the cams, a new 

mesh is generated on the basis of the reference mesh. A typi- 
cal example of automatic generation that corresponds to a 
generic position of counterrotating cams is shown in Figure 
6b. The design of the reference mesh is such that small ele- 
ments are found in regions where a higher accuracy is needed, 
such as near the tips of the cam. At every time step, we may 
thus easily calculate the velocity field as shown in Figure 6c 
and perform the calculation of the kinematic variables associ- 
ated with mixing. 

In the present section, we calculate the evolution of the 
colored spot through the motion of the closed curve C(t). 
Material points along C(t)  are such that their distance can- 

Figure 7. Comparison on the dispersion of a spot be- 
Figure 6. Reference finiteslement mesh (a), the actual 

mesh (b), and the velocity field (c) for an arbi- 
trary position of the cams. 

tween experimental and numerical results for 
corotating cams; each successive section 
corresponds to an additional rotation of 2d3 .  
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Figure 8. Comparison on the dispersion of a spot between experimental and numerical results for counterrotating 
cams; each successive section corresponds to an additional rotation of 2d3.  

not exceed 0.2 mm (the side of the cams is 45 mm long). 
Additional material points are added in the course of time in 
order to satisfy that rule. The initial shape of the spot in 
numerical calculations is a rectangle that is 8 mm wide and 
31 mm high. 

Figure 7 compares experimental and numerical results for 
the case of counterclockwise corrotating cams. We note that 
the initial spot is rectangular on the numerical simulation but 
deviates slightly from that shape in the experiment (which 
was carried out after the simulations). Experimental and nu- 
merical results are compared after every rotation of 2/3n of 
the cams. These results show a good qualitative agreement 
between experiments and simulation. 

A good agreement is also found in the case of counterro- 
tating cams shown in Figure 8. The cam on the left rotates 
clockwise, the one on the right counterclockwise. In this case, 
we find that the colored spot is first squashed at the bottom 
and then stretched in the opposite direction. After three ro- 
tations, the colored fluid is stretched throughout the flow do- 
main. A simple inspection of the bottom half of Figure 7 and 
the last four sections of Figure 8 reveals that the corotating 
system is a better mixer than the counterrotating one. This 
visual impression is quantified in the next section. 

AIChE Journal March 1997 

Our calculations show the ability of the numerical simula- 
tion to reproduce details of the flow. One can, however, ob- 
serve differences between experiments and simulation. In the 
last half of Figure 7, beyond a 2 7 ~  rotation, the global pattern 
is the same, but it seems that some material particles do not 
show the same angular positions on both sides of the figure. 
In particular, Figure 8 shows that the colored material near 
the left lobe moves faster in the experiment than in the simu- 
lation. Observed differences between experiments and simu- 
lations are due to the following several factors: 

The calculation is based on a finite-element discretiza- 
tion of the flow domain and of the velocity field; time is also 
discretized in order to calculate pathlines and kinematic vari- 
ables; numerical errors may accumulate and affect the pat- 
terns shown in Figures 7 and 8. 

The experimental spot differs from the previously 
adopted rectangular shape in the simulation. 

The drying of glucose at the free surface locally in- 
creases the viscosity. 

Possible 3-D effects are neglected in the 2-D simulation; 
quite notably, the bottom surface is a no-slip boundary that 
induces shear stress. 
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Figure 9. Evolution of the concentration for the single-cam, corotating twin-cam, and counterrotating twin-cam sys- 
tems corresponding to 0, 1, 2 and 5 rotations of the cams. 

A flow singularity at the tips of the cams (Moffatt, 1964) 
leads to a local inaccuracy in calculating the trajectories. 

The discretization of the spot affects its shape; some de- 
formations increasing with time are lost forever in the simu- 
lation (Souvaliotis et al., 1995). 

Very thin areas of the spot may not be visible on the 
photographs, while the printer draws lines of constant thick- 
ness. 

Numerical Evaluation 
Let us now use the numerical and statistical tools to evalu- 

ate the quality of mixing. In addition to the co- and counter- 
rotating devices of the preceding section, we include a single- 
cam device: its outer radius is 60 mm, as in Figure 5, while 
the triangular cam has the same dimensions as before. For 
the single-cam device, the flow calculation is easier since the 
velocity field is obtained by rotating the outer boundary 
(without remeshing) instead of the cam (with remeshing). We 
now compare the three systems: single cam (SC), corrotating 
twin cams (TC+), and counterrotating twin cams (TC-). 

Let us first calculate the time-dependent concentration. It 
is assumed that half the system is filled with red fluid while 
the other half is blue. A grid of 150 X 85 cells covers the TC 
systems, while 85 x 85 cells are used for SCs. Figure 9 shows 
the evolution of the concentration after 2 ~ ,  4 ~ ,  and 1 0 ~  ro- 

tations of the cams. With SC, we observe that every turn of 
the cam creates a new striation. However, since the tips of 
the cam lie on the same circle, there is very little mixing. 
With TC + , there is a significant mass transfer between the 
lobes. The mixing near the cams after IOT is better than with 
SC, but one can still identify regions of uniform color. With 
TC-, there is very little mixing by comparison with SC and 
TC+.  

The time evolution of the segregation scale S(t> is shown 
for the three systems in Figure 10. The difference between 
TC + and TC - , with the same initial conditions, is very clear: 
S( f )  decreases slowly for TC-, while it reaches the dis- 
cretization limit of the order of the cell size dl after 4n- for 
TC + . The same is true for SC, which starts, however, from 
different initial conditions associated with a lower value of 
S O ) .  From these curves, we cannot conclude that SC is better 
than the other two devices; the apparent better performance 
of SC is due to a different initial configuration of the concen- 
tration field. 

The distribution of the length stretch is a distinctive fea- 
ture of the simulation. Figure 11 shows the distribution of A 
after an angle of rotation of 1 0 ~ .  The superiority of TC+ is 
evident. We find a fairly uniform distribution of A through- 
out the flow domain except near the sides of the cams where 
we observe localized regions of low length stretch. In TC-, 
we find that larger regions near the boundary of the cams 
exhibit little stretching; the same is true with SC: the lack of 
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Figure 10. Time evolution of the segregation scale for 
the single-cam, corotating twin cam, and 
counterrotating twin-cam systems. 
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Figure 12. Percentiles of the logarithm of the length 
stretch as a function of time for the single- 
cam, corotating twin-cam, and counterrotat- 
ing twin-cam systems. 

exchange between the lobes together with local recirculation 
prevent large values of A. These different behaviors are con- 
firmed by the graph of percentiles shown in Figure 12. Due 
to very large values of the length stretch, a logarithmic scale 
is used for A. The highest value of A is always found with 
TC -t . After five rotations of the cams, 50% of the material 
points have a length stretch lower than 240 with TC + , 100 
with TC - , and 30 with SC. 

The efficiency of mixing, eh, is a quantity that essentially 
depends on the flow and only slightly on the initial orienta- 
tion. A typical example is shown in Figure 13 where we show 
the distribution function of the instantaneous efficiency for 
TC-t. The initial distribution of eh changes from that after 
one turn because the orientation m differs from M ;  however, 
it is little affected by additional rotations. Figure 14 shows 
the percentiles of instantaneous efficiency as a function of 
time for the three systems. We find that they indeed remain 
essentially constant beyond the first rotation of the cams. It is 

Figure 11. Distribution of the length stretch alter 5 rota- 
tions of the cams for the single-cam, corotat- 
ing twin-cam, and counterrotating twin-cam 
systems. 

Instantaneous Efficiency 

Figure 13. Distribution function of the instantaneous ef- 
ficiency for the corotating twin-cam system 
after 0, 1 , 3 and 5 rotations of the cams. 
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Figure 14. Percentiles of the instantaneous eff iciency as 
a function of time for the single-cam, corotat- 
ing twin-cam, and counterrotating twin-cam 
systems. 

interesting to see that, for all three systems, 50% of the ma- 
terial points are associated with a local efficiency lower than 
0.1. 

The time-averaged efficiency is fairly low for all material 
particles. Figure 15 shows the percentiles of (e,) as a func- 
tion of time. It is found that the three systems produce essen- 
tially the same results; we observe a decrease of the 50th and 
90th percentiles of ( e , )  as t - ‘  because the flows are essen- 
tially dominated by shear (Ottino and Chella, 1983). How- 
ever, for the TC systems, there exists a zone between the 
cams where reorientation occurs, leading to better stretching; 
this transient phenomenon has little influence on (e,), but is 
well measured by A. We observe that (e,) is eventually every- 
where positive, while the instantaneous efficiency e, may be 
negative. 

1 I I 

0.6 o.8 A 

2 -0.4 
-0.6 

-0.8 1 
- corotating twin cams 
--. single cam 
.... counter-rotating twin cams 

0 2r 4r 6r 871 101( 
Time ( angle of rotation ) 

Figure 15. Percentiles of the time-averaged efficiency 
as a function of time for the single-cam, 
corotating twin-cam, and counterrotating 
twin-cam systems. 

Conclusions 
We have developed a finite-element method to calculate 

velocity fields and kinematic variables in 2-D flows sur- 
rounded by moving rigid boundaries. The method applies in 
particular to flows around rotating cams of arbitrary shape. 
Several accuracy tests have allowed us to select the numerical 
features of the flow of a Newtonian viscous fluid around co- 
and counterrotating triangular cams; they include the finite- 
element mesh, the time step, and the density of the material 
particles for the evaluation of mixing quality. Additionally, 
we have compared numerical results to experimental obser- 
vations. The comparison is good, although phase errors in- 
crease with the number of rotations. We have also developed 
statistical tools that, on the basis of kinematic variables, allow 
us to perform an objective evaluation of mixing and to com- 
pare protocols. 

A finite-element visualization of parameters such as the 
length stretch A and the concentration c is unavailable be- 
cause the characteristic length of their distribution is gener- 
ally much smaller than the element size. A good visual evalu- 
ation of mixing is obtained through a colored plot of the val- 
ues of A (or rather log A) and c attached to a set of material 
particles. This qualitative evaluation is effectively quantified 
by a plot of percentiles as a function of the number of rota- 
tions, which we consider as the most useful tool in our devel- 
opments. The efficiency, e,, and its time average are less dis- 
criminating. We have also calculated the segregation scale; 
its use is limited by the fact that it strongly depends on the 
initial conditions of the concentration. 
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